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I. INTRODUCTION 
Let (a, b) be a finite or infinite interval, and let dx(x) be a measure in (a, b) 
which allows the existence of orthonormal polynomials. (See [4, pp. 25-261.) 
We define 17, = I&(a, b, X) to be the class of real polynomials f(x) such 
that 
degreef(x) < n, (1) 
f(x) b 0, a<x<b, (2) 
s 
b 
af@) dx(x) = 1. (3) 
We wish to describe the set 
R = if@> :f(x> E&I, (4) 
where z is an arbitrary complex number, fixed throughout the discussion. 
Since I&, is evidently a convex class, R, is a certain convex set of complex 
numbers. The precise determination of R, for real z was obtained in [3] by 
means of the parametric method to be described below, and for nonreal z 
in [I] by means of certain mechanical quadrature formulas. The purpose of 
this paper is to point out that the results of [I] can be obtained much more 
efficiently by the parametric method. These results, roughly stated, are that 
R, is a closed ellipse with a focus at 0 if (a, b) = ( -=J,w), and the convex 
hull of the union of two such ellipses otherwise. For brevity we shall discuss 
only the finite case --co < a < b < 05, this being sufficient to illustrate all 
the essential techniques. 
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Let 
{P&“)h kv(x)>, {JY(X))I w4h (5) 
subscripts denoting degree, be the orthonormal systems of polynomials 
corresponding to the measures 
dx(x>, (x - a) (b - x) dx(x), (2 - 4 dx(x>, (b - 4 dxM (6) 
respectively. Then a theorem of F. Lukics [2; 4, p, 41 enables us to express 
any f(4 in, by 
if n = 2k, or 
if n = 2k + 1, u, and vy being real parameters satisfying 
&t +$ve = 1. (ok = 0 if n = 2k). 
0 0 
(7) 
(8) 
(9) 
Equations (7) and (8) ex p ress conditions (1) and (2), while (9) is equivalent 
to condition (3) by the orthogonality properties of the systems (5). Thus we 
can write 
f(z) = (i ..aJ + (2 v”B.)z, 
0 0 
(10) 
where 
01, = PM, I% = d(z - a) (b - z) q&x), Z=k-1 (11) 
if n = 2k, and 
if n = 2k + 1. The results of Section II will enable us to deal with (10) and 
therefore with (4). 
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II. A PROPOSITION ON THE ELLIPSE 
PROPOSITION. Let a,,, aI, -, ak be complex numbers (k > 1) and let S be the 
set defined by 
Let E be the closed ellipse defined by 
(13) 
(14) 
Thenifk>l,S=E;$k=l,S=8E. (SistheboundaryofE.) 
PROOF. Let (c,J denote a real, orthogonal matrix of order k + 1. Let 
Y,‘ = 2 Cp%. (,u = 0, 1, ..*, k.) (15) 
0 
Then 
But then 
S = {y,” : (c,~~) real, orthogonal). 
and it follows that S C E. If k = 1, we observe that S C 3E. 
In the above computation we have made use of the relations 
(16) 
which are immediate consequences of (15). By considering the real and 
imaginary parts of the CX, and yy it is easy to show, conversely, that if the yI 
satisfy (16), there is a real symmetric matrix (c,,) such that (15) holds. NOW 
let t E E. Taking first the case k = 1, we assume that equality holds in (14). 
Let y. and yr be complex numbers such that 
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Then (16) is satisfied. 
and we can conclude 
choose s > r so that 
Therefore (15) holds for some real, orthogonal (c,,), 
that aE CS. If k> 1, and if f=re@~E, we can 
Next, let us choose y,,, yr, **a, yk so that 
yf = (s - r) ei8, 
Then (16) is again satisfied. It follows that E C S, and the proposition is 
proved. 
COROLLARY. Let OLD, 01i, -a*, 01~ and PO, /II, **a, fil be complex numbers (k >, 1, 
I > 1). Let 
let E be the ellipse (14), and let F be the ellipse corresponding to the /3,. Then 
T = c(E u F). (18) 
(T is the convex hull of the union of E and F) . 
PROOF. Evidently (Z:” ~,01,,)~ + (x” ~,,fi~)~ is a convex combination of a 
point of E and a point gf P. Therefzre we can immediately conclude that 
T C c(E v F). Conversely we may prove that 
c(EuF)={t[+(l -t)?l:0,(t<1,~EiiE,~E3F)CT. 
III. THE DESCRIPTION OF R, 
The following theorem is an immediate consequence of the above corollary. 
(Compare Theorems IX and XII of [l].) 
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THEOREM. Let El, E,, ES, E4 be the closed ellipses dejined by 
E,=~~:lfI+~t-~~:(a)~~~I~:OI~, 
0 0 
E4=~~:(E,+~~-(b--)~S:(~)!~!b-~/~l~:(Z)l~. (1% 
0 0 
Then 
if n = 2k, and 
if n=2k+l. 
R, = c(El u E,) WV 
R, = c(E, LJ Ea) (21) 
REMARKS. If k > 1, all these ellipses are two-dimensional. In other 
words we have 
etc. These inequalities follow from the fact that pi(z), q:(z), r&z), s:(z) are 
positive, while &(z), q:(z), r@), t( ) s x are not. (Here we are assuming, of 
course, that z is nonreal.) If k = 1 and n = 2, E, reduces to a closed line 
segment, but (20) remains valid. (See [l, Theorem XV].) Finally, if k = 0 
and n = 1, (21) no longer holds, but it is easy to see that R, is then the line 
segment joining (a - a) T:(Z) and (b - z) s,“(z). (See [l, Theorem XIV].) 
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